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1. INTRODUCTION 
Let X be a projective scheme over a field k, and let 9 be the ~~vert~b~~ 
sheaf C&(I) of linear forms. The homogeneous coordinate ring of X is a 
graded k-algebra which, in high degree, is isomor hit to the algebra 
B= @ HO(X, Lie). 
PC>0 
The following theorem of Serre [S] is one of the basic results about the 
graded ring B. Denote by (C&-mod) the category of quasi-co 
on a scheme X, and by (B-gr) the category of graded left 
graded ring B. A graded module M= G&W,, is 
na, = 0 for II $0, and torsion if it is a direct Bimit 
each A4Cp,,, is right bounded. Let (tors) denote the 
of torsion modules. 
THMREM (Serre). The quotient category ( -gr)/(tors) is equivalent with 
the category (Q-mod). 
Let CT be an automorphism of X. A standar ~o~st~~~tio~ provides a 
version B = B(X, CT, 2) of the homogeneous coordinate ring 
Denoting the pullback a*9 by $P”, we set 
B, = HO(X, 9 0 L?@ . . . @ ,@) (1.1) 
for n 3 0, and B = @B,. Multiplication of sections is 
that if a E B, and b E B,, then 
a.b=a@bum. $1.2) 
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The main purpose of this note is to prove an extension of Serre’s theorem 
to some of these graded rings. 
Given a pair (X, 0) consisting of a noetherian scheme X and an 
automorphism G, we call an invertible sheaf 9 on X o-ample if for every 
coherent sheaf 9 on X, the cohomology group Hq(X, 9 0 9” 0 -. . 0 
2F-l Q 9) vanishes for q > 0 and n $0, A Cartier divisor D is a-ample if 
@Ix(D) is a o-ample sheaf. When B is the identity, these definitions are 
equivalent with the usual definitions of ample invertible sheaf and ample 
divisor. 
Our version of Serre’s theorem is as follows: 
THEOREM (1.3). Let r~ be an automorphism of a projective scheme X over 
k, and let 9 be a o-ample invertible sheaf on X. Let B = B(X, 6, 2’) be the 
ring defined as above. Then the categories (Q-mod) and (B-gr)J(tors) are 
naturally equivabent. 
We also prove: 
THEOREM (1.4). With the assumptions of the previous theorem, B is a 
finitely generated noetherian k-algebra. 
The question of which invertible sheaves are a-ample is fairly subtle, and 
we do not have a characterization of the automorphisms CT for which such 
an invertible sheaf exists. However, it-is a relatively simple matter to prove 
the following: 
PROPOSITION (1.5). Let (X, CT) be as above, and let 5? be an ample 
invertible sheaf on X. Assume that a positive power of the sheaf dp”Q 55-l 
is in the connected component Pit’ X of the Picard scheme of X. Then 2 is 
a-ample, and moreover 
gk-dimB=dimX+l. 
COROLLARY (1.6). Zf a positive power rY of r~ is algebraically equivalent 
to the identity automorphism, then an invertible sheaf 9 is a-ample if and 
only if Y 0 8” 0 . . . 0 Ya”-’ is ample. 
Note that the proposition and the corollary apply to an arbitrary 
automorphism of a scheme of dimension 1. 
Theorem (1.4) provides an alternative proof of the fact that the rings 
constructed in [ATV] are noetherian. The proof given in [ATV] was 
based on reduction to the case of a finite field. 
Another example: Let X= F” x IF”, and let CI be the automorphism which 
interchanges the two factors. The corollary asserts that the sheaf 2? = 
prf(0,,(1)) is a-ample, though it is not ample. 
The proofs of these results are in the next three sections of the paper. En 
the last section, we analyze the case that X is a smooth surface. 
a linear operator P is called quasi-unipote if its eigenvalues are roots of 
unity, or equivalently, if some power of is unipotent. e prove the 
following tbeorem, in which the last assertion may be somewhat surprising 
at first glance. 
~~E~R~~ (1.7). Let CJ be an automorph~sm of a smooth proper algebraic 
surface X2 and let P denote the action of CJ on the Nero+Severi lattice 
~~(~)/(tOrSiOn). 
(i) If there exists a a-ample divisor on X, then is ~~~~si-~~ipote~~t. 
(ii) If P is quasi-unipotent, hen a diuhor trample iy and only g” 
there is an integer n such that D + CID + . . . + Q’ 
(iii) Suppose that Pk is unipotent, and let be a 5-ample divisav 
on X. The ~~-dimension of the ring B is 3 if Pk = I, and is 5 otherwise. 
Tran ion along the fibres of an elliptic pen6 rovides e 
P is si-unipotent and ‘the gk-dimension of is 5 (see 
2. TWISTING THE SHEAF OF CRAD~ ALGEBRAS 
is section we discuss sheaves of graded algebras on a SC 
which are twisted by an automorphism CT of X. A slight corn 
because open sets may not be o-invariant; in fact X may 
proper ~-invariant open sets at all. But aside from this, things are similar 
to the untwisted case (the case (T = identity). 
For the moment, let LT be an a~tornor~~i§~ of an arbitrary ~~~t~er~a~ 
scheme X. e denote the structure sheaf of X by 0. To establish ~o~~tio~~ 
us say that o operates on the left on W and on t e right on 0. So by 
hitisn, 
If 9 is a quasi-coherent sheaf on X, we denote by P-” the ~~~~~a~~ G’*.F 
via G. Thus by definition, 
.9=(U) = F(sU). 
The complication which arises is illustrate 
construction. Suppose t at X= Spec R, so that 0 operates on 
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on R. The ring R[t, t-‘; a] of skew Laurent polynomials is defined by the 
commutation rule ta = dt, or 
&tj= &,c+ti+i (2.3) 
for all a, b E R and i, j E Z. 
Let us extend this definition to schemes, by defining a graded quasi- 
coherent sheaf 0 [t, t - ‘; a] = g on X. We set 
O[t, t-1, a] = @ Lot”, (2.4) 
ntz 
where Ot” = 98,, is the free left O-module of rank one with basis it”}. 
According to (2.1), a multiplication rule satisfying (2.3) sends 
L?q( U) x Bj(OiU) + 93i+j( U). (2.5) 
This does not define a sheaf of rings in the usual sense, because a game of 
musical chairs is being played on the open sets. 
The multiplication rule (2.5) can be interpreted as a tensor product of 
bimodules. By a coherent O-bimodule J$? on a scheme X we mean a 
coherent sheaf on Xx X whose support Z has this property: The two 
projections 
nj:z+x (i= 1,2) (2.6) 
to X are finite morphisms. We may view A as a left O-module via the first . 
proJectron pr,, and as a right module via pr,,. A section of &! will be 
defined on an open subset of X x X or of Z. We also adopt the asymmetrical 
convention that sections of J# on an open subset U of X are to be interpreted 
as sections on U x X: 
JH(U):=JY(U~X)=~~,,&!(U), if UcX. (2.7) 
The tensor product of two coherent bimodules J?‘, JV is defined to be the 
bimodule 
(2.8) 
If 9 is a coherent left O-module and cr is an automorphism of X, then 
a coherent bimodule can be formed canonically as the pullback 
(prFY)@ O~=rc1*.9’, where 7tr: l--+X is the first projection of the graph 
r of c to X. We will denote this bimodule by zV. The subscript o indicates 
that the right action on 9 is twisted by 0, i.e., that the product sa E 9(U) 
of sections s E 9(U) and a E O(oU) is defined by the formula sa = aus. 
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Thus the right module structure on -yb is 
The module structure is the given one, and with the ~o~ve~t~o~ (2.71, we 
have 5?(U)=$p,(U). Thus 5$(U) has been made into an (O(U), O(crU)j- 
bi tile: 
The support of YC is of course contained in the gra h K In ~a~ti~~~ar~ A?! 
will denote the bimodule formed in the trivial way: see = as, with support on 
iagonal A of Xx X. We often write 2 = $. 
e omit the proof of the foliowing lemma, 
e can also define the tensor product of a left or rig 
a bimodule. If A!’ is a right module and A’” is a c 
then by definition A?@Jf is the right module prz( 
similarly, if A?’ is a left module, then N @ A!’ i 
pr:(,/lr O,, pr:A!‘>. If U is an affine open in X an N = 90, where 9 is 
a locally free left O-module, then 
and 
e proof of the following lemma is just a matter of sorting out t 
tions. 
efini- 
LEMMA (2.14). Let CT, T be automorphisms of a scheme X, and /et 9, J@’ 
be invertible Eeft O-modules. Then 
Proof. Let r, r’, and r” denote the graphs of o7 z, and r~, res~ectivel~~ 
at according to (2.91, (pr:‘A)@+z (pr~z,.,k’)@O~,. T 
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~o~=pr13*C(pr1*~)O~~7,,.)0~pr,S~)O~,,.,)1 
~2:pr13*[I(~r1*~)QCOrxX)Q(~r~~,~)Q~~,~~)l 
--(pr,*~)O(pr:z,~)0~~,., 
zpr:(LZ@((zo)* s,JZ)@Q-. 
M prl*(Z Q rr”“H) 0 co,,, z (L$@ J&!“),C. 
Note that L& @ J&(U) is an (S(U), cO(zcr( U)))-bimodule. 
A coherent bimodule .,&! will be called invertible if there exists an 
“inverse” bimodule A’ such that & Q A’ z Or z JN’ @ A. 
PROPQSITION (2.15). A coherent bimodule JX on X is invertible if and 
only lyit is isomorphic to a module of the form 9,, where L? is tan invertible 
left i&module and G is an automorphism of X. 
ProoJ: Formula (2.14) shows that if 9 is an invertible left O-module, 
then ((L~‘*)“-‘)~-I is the inverse of Yb. Conversely, let ~8%” be an invertible 
bimodule, with inverse J%“. Denote the supports of these two bimodules 
by r, Y, and let W be the support on X3 of the module JP = 
(prTz&)OLn,, (pQ33’). Thus W=TxXnXxr’. The map pr,,: W-, 
Xx X is a finite map whose image is the composed correspondence r’ 0 r. 
By assumption, &“ @ J&” = pry3 9 z 0;. Therefore the projection pr,, 
defines an isomorphism of W with the diagonal A c Xx X, and P NN Ow. So 
r’ 0 r= A, and there is a map C: X -+ X such that W is, scheme-theoreti- 
cally, the locus of points ((pa o(p), p) ( p E X>. A consideration of the 
isomorphism JH’ @ &!’ z 0, shows that o is an isomorphism. At this point, 
set-theoretic considerations show that I’ is the graph of U. So by 
Lemma (2.11) JHX Zg and similarly J&Z 9:-I for some left modules 
9,9’. By (2.14), 0,~~O~‘x~~o~b-1=(~~;O’~),. Therefore 9 
is invertible. 
When an invertible left O-module 9 and an automorphism G are given, 
we can construct a sheaf of graded skew algebras 6? = S[L!?; a] as follows. 
We set 
92J= 0 94, where .%,, = 9~“. (2.16) 
ntiz 
TO make this explicit, we note that for an open set U of X and for n > 0, 
we have 
~‘,(u)=~~“(u)~~(u)o,,,,,~~(ou)Q ‘.. QO(an-lr/)~~(rT”-‘U) 
=~(u)Q”(u) LP( U) Q ‘. Qo(u) 2+(U). 
The multiplication law &?‘i 0 91j -+ gi + i is given by the natural isomorphism 
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~~i~ptWzyO(~+jl and to multiply sections, the open sets must be as 
in (2.5). Ghen L!is the trivial invertible sheaf 0, we recover the algebra of 
skew Laurent polynomials B[t, t-l; ~1 defined above (2.4). 
Let ~29 = 0[2’; a] be a skew algebra constructed a 
&module A!‘, we mean a graded quasi-coherent s 
together with a multiplication rule 
or on sections, 
which satisfies the axioms for a module. 
~ROPOSlTIQNS (2.18). Let 2’ be an imertible G-module and ki 
94 = O[Y; a] be the skew algebra constructed as above. Thefunctors 
F-+-*@F and A$ 6-p J# 
are quasi-inverses, which define equivalences between the categories af quasi- 
coherent left O-modules and qf quasi-coherent graded ieft 93-modules. 
The proof of this proposition is routine and we omit it. (See [NV] for 
the affine analogue.) 
call a graded left B-module A%? coherent corr 
coherent. Since X is noetherian, cohere ded 
ascending chain condition on graded snbmo 
3. Pm0~ OF THE THEOREMS (1.3) AND (1.4) 
efore turning to the proof of Theorem (1.3), we need to extend some 
simple facts about ample invertible sheaves to sequences. As before, 
denotes the structure sheaf of the noetherian scheme A’. Let 9C,j, P(z)9 . . . 
a sequence of invertible sheaves on X, and let = 9 ,@ . . . The 
sequence will be called ample if it satisfies the 
For every coherent left U-module 9”1, there is an integer n, 
such that W(X, L@~ @F) = 0 for q > 0 an (3.1) 
Clearly, the constant sequence 9 = YCi, = PC21 = . . is ample if and only if 
5? is ample in the usual sense. 
An invertible bimodule 9, is called ample if the 
is ample. This means that (3.1) holds when BE is 
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PROPOSITION (3.2). Let 9C’(1,, 2$,, . . . be an ample sequence of invertible 
sheaves on a projective scheme X over k. 
(i) [9] = [I5 + g’ -+ Y”] be a complex of coherent left O-modules. 
Then [9] is exact if and only if there is an integer n, such that 
H”(BS @ [@I) is exact for all n >, no. 
(ii) Let 9 be a coherent left Co-module. Then there is an integer no 
such that &I’,@9 is generated by its sections if n >n,. 
(iii) For sufficiently large n, &I,, is a very ample line bundle on X. 
Proof We first prove the “only if” part of (i). Suppose that [F] is 
exact. To show that the complex H”(gn@ [F]) is exact for n $0, it 
suffices to treat the case that the complex extends to an exact sequence 
0 -+ 9 -+ 9’ --f 9” --) 0. In this case, the assertion follows by applying the 
definition of ample bimodule to the sheaf F. 
To prove (ii), we first verify the lemma: 
LEMMA (3.3). Be is generated by its sections for large n. 
Proof We may assume that the ground field k is algebraically closed. 
Let d = dim X, and let p be a point at which X is Cohen-Macaulay and of 
dimension d. We choose a regular sequence sl, . . . . sd of sections of cO,( 1) 
which vanish at p. (To do this, suppose that si, . . . . si have been found. Let 
z 1 f *..> Z, be the associated primes of Vi := V(sl, . . . . sJ, and choose a 
section si+ I which does not vanish identically on any Z,. Then si+ i is not 
a zero divisor on Vi.) Then S= VA is a scheme of dimension zero which 
contains p, and & has a Koszul resolution of the form 
where x0 = ox, and where each term z is a direct sum of line bundles 
I?y( -v), these line bundles being independent of the regular sequence 
(hence of the point p). We choose n, large enough so that if n 2 n,, then 
H~(.G@~@%J =0 for all i and all q > 0. Let JV be the kernel of the map 
c?, --f Q. Working from the left of the Koszul resolution, we find that 
Hq(2& @ N) = 0 ‘for q > 0 as well. Therefore the sections of c?, 0 6?,, lift to 
9?l,, if n 3 n 1. Since S is zero-dimensional, c?, @ 3& has a section which does 
not vanish at p, and so 93n does too. This shows that the sections of a,, 
generate at every Cohen-Macaulay point p, if n > n,. 
Let Y c X be the proper closed subscheme of points at which X is not 
maximally Cohen-Macaulay. We note that the restriction O,@ 5&, of the 
sequence Tci, to a closed subscheme is an ample sequence on the sub- 
scheme. By noetherian induction on X, we may assume that 0,@93n is 
generated by its sections for n 9 n2. Let 9 denote the ideal sheaf defining 
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Y The definition of ample sequence, applied to this i eal sheaf9 shows that 
sections of O,@ Bn lift to Bn = C&Q S$ for M $ n3. T us %he sections of 9$ 
generate the sheaf along Y if n 2 n3. Taking n, = max(n, , nz2, PI,), we are 
done. 
now return to the proof of part (ii) of Propositio 
a erent &-module. We first note that if F is generat 
then so is Bn@F, provided that 1~90, his foolfows from Le 
Next, we may assume that 9 #O. The there is a point p 
k(p) @S 50. Applying (i) to the exact uence F - kfp)Q 
using the fact that k(p) @ .4!In @ 9 is generated by it sections for every pa, 
we find that ~227~ @F is generated by its s e point p, if N 9 0. Ht 
is ~errn~ss~bie to replace .F by s~?~@F a and we do this. Let 
YC X be the subscheme of points at which global sections fail to 
generate 5. This is a proper closed subscheme. noetherian inducki 
X, we may assume that the assertion (ii) is true the sheaf l!$@ 9. 
one more application of the lifting argument completes the 
other implication of (i) now follows easily. 
It remains to prove that L?& is very ample if n 9 0. e have seen that 
9Z$( - 1) is generated by its sections for large II. er with the fad that 
O(I) is very ample, this implies that L@~ is very 
RCPOSITION (3.4). Suppose that X is projective. A sequence d%;, , PC2,, .“. 
is e if for each k > 0 there is an integer no such that if n > n, and q > 0, 
th “(99tiQo(-k))=o. 
I%~$ Let 9 be a coherent sheaf on X. Then 9 admits a resolution 
. . . -+ 91 -+ PO -+ 9 + 0, 
where each fl is a sum of invertible sheaves of the form &“( -k). If the 
ition of the proposition is satisfied, there exists an integer n, such that 
for a41 n>n,, Hq(d?n@@)=O if q>O and if i<ddim + I. The spectral 
sequence associated to this resolution shows that “(BnQP)=O as 
well. 
For the rest of this section, we let $3 = 0[2; a] be the satew algebra on 
ctive scheme X, which is defined by an am le invertible bimodule 
deIine a graded k-algebra B by 
Since X is a proper, B is a graded ring with the property that dim, 
for ah n. 
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As before, a torsion B-module M is defined to be a graded module which 
is a direct limit of right bounded submodules N, i.e., ones such that N, = 0 
if r+O. The category of torsion modules is a localizing subcategory of the 
category of all graded B-modules; i.e., it is closed under submodules, 
quotients, extensions, and direct limits. 
With notation as in the introduction, we are going to show that the 
quotient category (B-gr)/(tors) is equivalent to the category (o-mod) of 
quasi-coherent sheaves on X, as is true for commutative graded rings. By 
Proposition (2.18), relating (B-gr)/(tors) to the category (B-gr) of graded 
left &Y-modules amounts to the same thing. 
We define adjoint functors between the two categories (B-gr)/(tors) and 
(@gr) as follows: If J? is a sheaf of graded $%-modules, then 
r* (dz) := HO(X, Aq = @ HO(X, Jtq). (3.6) 
nez 
LEMMA (3.7). (i) For any graded left &I-module A?‘, Hq(X, A) is a 
graded left B-module; hence r*(A) is a graded left B-module. If q > 0, then 
H”(X, ~4’) is a torsion module. If 4 is coherent and q > 0, then Hq(X, A’) 
is right bounded. 
(ii) The functor r.+ is exact module (tom). 
(iii) For any 9&module 4, r* (A?) is torsion free, and if A! # 0, then 
r*(J@) # 0. 
Proof. The first assertion of (i) is clear, because multiplication by 
b E H’(X, g) is an O-linear map 4 --t 4. If &’ is coherent, then Proposi- 
tion (3.3) implies that H’(X, ~4’~) = 0 for n $0, hence that this module is 
right bounded, hence torsion. In general, we may write A0 as a limit of 
coherent sheaves. Then J%’ is the corresponding limit. Since cohomology 
commutes with direct limits, H’(X, &) is a torsion module. Part (ii) 
follows. 
To prove (iii), we use the fact that a’, and &?,,@J?’ are generated by 
global sections for large n. Let b,, . . . . b, be sections which generate a,,. 
Since J.& + n = a,, 0 k&, the map J&?~ --f @ ; J& + n defined by multiplication 
by (b, , . . . . b,) is injective. Therefore this map does not annihiliate any nonzero 
global sections of J&; i.e., B, does not annihilate any element of r+ (A). 
To go in the other direction, let M be a graded left B-module. We regard 
B and M as constant sheaves on X. With the obvious conventions, the 
canonical map B --) g is a homomorphism which allows us to construct a 
sheaf of graded 95modules 
i?=9i9QgM. (3.8) 
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By definition, this is the graded sheaf associated to the graded presheaf 
Note that if V c U are affine open sets in X, then 
so 
ows that Formula (3.9) defines the sections of the tensor product 
sheaf on affkre open subsets, i.e., that taking the associated sheaf is not 
necessary on affine opens. 
LEMMA (3.10). If A4 is aJinitely generated graded 
coherent. 
Pp.oojI If M is finitely generated, then it is a quotient of a projective 
module P which is a finite sum of shifts of B. Since tensor product is a right 
exact operation, A2 is a quotient of P, and on th other hand, P is a 
of shifts of @‘. Therefore & is a quotient of a co erent graded &?-mo 
plies that it is coherent itself. 
It is clear that the functors I-* and N are a 
Hom,(A4, F,.&*) 22 (3.11) 
11 ME (B-gr) and NE (ST-gr). 
e are now ready to prove Theorem (l.3), which we restate more 
grecise9y here. 
THEOREM (3.12). Let CT be an automorp~~sm QJ” a projective scheme X 
over k, and let 5? = 5$ be an ample invertible bimodule on X Let 
= On20 M*(X, 93,). Let (toas) denote the ,fidi 
torsion modules. The $unctors r* aped (.g $3,s In 
ijzduce inverse equivalences 
Let e module r* (fi). The adjointness pro 
hmctors provides a functorial map A4 + AZ. Since N and 
with direct limits, the functor M+ i@ does too. 
Theorem (3.12) is obtained by combining assertions (ii, ( 
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LEMMA (3.13). Let M be a graded B-module. 
(i) The cokernel of the map M --f i@ is a torsion module. If M is 
finitely generated, the cokernel is right bounded. 
(ii) If M is a torsion module, then i@ = 0. 
(iii) The kernel of the map M -+ i@ is the torsion submodule of M. 
(iv) The functor - is exact. 
(v) For any graded g-module ~62, the map A? -+ r,(A)” is an 
isomorphism. 
Proof. (i) Since - and r.+ both commute with direct limits, it suffices 
to prove the assertion for a finitely generated graded module. We choose 
a surjective map P -+ M + 0, where P is a finite sum of shifts of B. Direct 
inspection shows that P + P is injective, and that its cokernel is right 
bounded. Let X be the kernel of the map p --$ a. Since tensor product is 
a right exact functor, we obtain an exact sequence 
of coherent graded %modules. The bottom row of the diagram 
P-M 
I I - - 
o-r*(x)--+ P-M- H’(X) 
is exact. Also, since gV is ample, H’(X) is right bounded. Since the 
cokernel of the map P -+ P is right bounded, this shows that the cokernel 
of M -+ &I is right bounded too. 
(ii) Since - commutes with direct limits, it suffices to show that 
@ = 0 if M has finite length. Let M be a finite length graded module. Then 
(3.10) iii is coherent; so if it is not zero, then H’(fi,) # 0 for large n (3.2ii). 
This implies that &? # 0 for large n. Therefore B/im M is not right bounded, 
which contradicts (i). 
(iii) The torsion submodule and the map M -+ A are both 
compatible with direct limits. So it suffices to prove that the kernel of the 
map is the torsion submodule when M is finitely generated. We choose a 
surjective map P -+ M + 0, where P is a finite sum of shifts of B, as before. 
Let R be the module of relations, so that 
OdR+P-+M+O 
is exact, and let X be the kernel of the map iT + p, so that the sequence 
04~4~4H4i@40 
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is exact. Applying dr*, we obtain a diagram 
work modulo torsion modules. Then the middle vertical arrow in 
ram is injective, and the rows are exact (I’%). Also, alI vertical arr 
are surjective by (i). It follows that T,3’” = 0 and that ah of the vertical 
arrows are bijective, modulo torsion. Thus the kernel of 
module. 
Now let T be the torsion submodule of 
= 0 by (ii); hence, since - is right exact, 
oreover, the map M’ + ,W is injective because 
e T is the kernel of the map A4 3 A, as r 
ince - is right exact, it suffices 
8-c et X be the kernel of the map fl--+ 
sequence 0 -+ r.+ (.X) -+ N -+ M is exact. So r 
(3.7iii), x = 0. 
(v j Since - and r* are compatible with direct limits, it suffices to 
ve this when A? is a coherent graded module. may choose a presen- 
on P2 + Yl + A? --f 0, where g is a finite sum ifts of 99. This follows 
from the fact that is generated by its section 
is bijective when P is a 
and r* are right exact, 
as well. 
e statement of Theorem (1.4) in terms of b~rnod~~es is as follows: 
THEOREM (3.14). Let ci be an aut~rn~r~~i~rn of a scheme x which is 
projective over k, and let ZO be an ample imertible ~~rn~~~~e on X. Let 
B=0[2?0;0], and let B=O..,N’(P(,~P=jr,(~‘)).,. Thm is a 
fXtely generated, noetherim k-algebra. 
PYOQJ e first show that B is finitely generate 
integer such that &I,. is generated by its sections, an 
before. We form an exact sequence 
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Since Yc is ample, there is an integer n such that H ‘(& OF) = 0 for all 
m 2 n. The cohomology sequence associated to the exact sequence 
provides a surjective map BrOk B, -+ B,, r. So the global sections 
of degree m + Y are generated by products of sections of degrees m 
and r, respectively. It follows by induction that B is generated by 
B,O ... O&+,-l, and since this is a finite-dimensional vector space, 
finitely many generators uffice. 
We now prove that B is noetherian. Note first that a set of homogeneous 
elements generates B as B,-algebra if and only if it generates the augmenta- 
tion ideal M = B 2 r as left or right ideal. Thus M is finitely generated. 
We omit the proof of the following lemma. 
LEMMA (3.15). Let 0 -+ M-t Ml-t M” -to be an exact sequence of 
graded left B-modules. If M’ is finitely generated and M” has finite length, 
then M is finitely generated. If M and M” are finitely generated, so is M’. 
COROLLARY (3.16). Let W(v) be a shift of 9. Then r.,+(!%(~))~~ is a 
finitely generated B-module. 
ProoJ By inspection, r* (&?(v)),~ is a shift of the tail B,, if v 2 0, and 
is a shift of B if v < 0. The lemma implies that these tails are finitely 
generated. 
LEMMA (3.17). With the notation as in the proof of Theorem (3.14), let 
M be a graded left B-module such that fi is a coherent %module. Then AZ,, 
is a finitely generated graded B-module. 
Proof We choose a surjection 9 -+ fi, where 9’ is a finite sum of shifts 
of 28. The kernel X of this map is a coherent 2?-module, and so H’(X) 
is right bounded. Also, T+.(B),, is finitely generated by Corollary (3.16). 
The lemma follows by applying Lemma (3.15) to the exact sequence 
Now let M be a graded left ideal of B, and consider the diagram 
M c B 
I I - - 
M-B 
The right vertical arrow is a bijection. Therefore the left vertical arrow 
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noehherian. 
reover, its cokernel has finite 
w that M is finitely generate 
4. PROOF OF PROPOSITION (1.5) 
F?YIQ~I The implication * is immediate from the de~~~t~~~ of a a-ample 
sheaf. Conversely, suppose that 2’“,“” is ample, and let us show that is 
ample. Let 9 be a coherent sheaf on X and let i be an integer. 
the definition of ampleness to the sheaf 9:‘~ F9 concluding th 
an integer kj such that Myf3’,0mk @L?~‘@J~)=O br all k-&k, 
(mko, mk, + 1, . . . . mk,_ 1 + rn - I $. Then H~$F’p,O”@ 9) = 0 if n 2 q:; 
e 6v is a-ample. 
e Proposition (IS), we recall th 
1, the Picard’functor is represent 
Pit” X is a group scheme of finite type over 
of the proposition that A? is ample and t 
JV:=S?~@$P-’ is in Pic”X. Set B’,=A? 
we write 
3i?n=Y~“@J$;v (4.2) 
power of JS, is in Pica% too, 
Let 9 be a coherent sheaf on X. We are to prove that the sheaf LJ& 0 F 
has trivial cohomology if n $0, which is a consequence of this lemma: 
MA (4.3). Let r be a positive integer, let 9 be a coherent sheaf on X3 
9 be an ample line bundle. There is QI integer no such that for every 
~nve~t~b~e sh af A' whose rth power is in ico x, H”(X> L? i”” 0 ./v @ 9) = 0 
g-q>0 andn>n,. 
e invertible sheaves .Af in question form a limited 
titular sheaf .N, Hq(X, L??” @ N @ CF) = 0 for all q 
ra + 0, because 9 is ample. So the lemma follows from t 
dirne~s~~~s of cohomology groups are semicontinuous with respect to a. 
parameter. 
It remains to determine the gk-dimension of B. Let 
Veronese subring 0 n 2 o B,, of B. Then in the notation 
(A’, 8, .Bm). By what has been shown, Bn is 8-ample; 
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a noetherian ring, and B is a finitely generated B(k)-module, generated by 
BO+ ... -t B, _ r. Thus gk-dim B < gk-dim B(k). The other inequality is 
trivial, so B and B(k) have the same gk-dimension. We may therefore 
replace r~ by CJ” and 9 by 93,,. This reduces us to the case that Jf E Pit’ X. 
In this case, the sheaves Mn defined in (4.2) are in Pit’ X too. Since Pit’ X 
is connected, formula (4.2) shows that ~(a~) = x(9yE). Moreover, 
Hq(%9J = 0 if q > 0 and IZ $0. Therefore H”(gn) = H”(6py”) if n 9 0. This 
shows that the gk-dimension of B is the same as that of the homogeneous 
coordinate ring of X, which is dim X+ 1. 1 
Corollary (1.6) follows by combining Proposition (1.5) and 
Lemma (4.1). 
5. THE CASE OF AN ALGEBRAIC SURFACE 
The object of this section is to prove Theorem (1.7). Let CT be an 
automorphism of a smooth projective surface X. Denote the Neron-Severi 
group of X by KS. We set Vz = iVS/(torsion), I’= KS@ R, and 
I/, = I’@ @, and we denote the operation of g on V by P. So P E GL( V,), 
and P is orthogonal with respect to the intersection form on I/. If D is a 
divisor on X, we set Di = criD, and A,, = Do + . . + D,. 
By the Hodge Index Theorem [G, GH], the signature of the intersection 
form on V is (1, I). Before proving Theorem (1.7), we derive some 
elementary consequences of this fact for the operator P. So for the present 
we consider a linear operator on a real vector space V which preserves a 
nondegenerate symmetric form of signature (1, I). 
If a is a complex eigenvalue of P, we denote the generalized eigenspace 
ker(P-A)k (kg>) in Vc by V,. In case i is real, we denote the corre- 
sponding subspace of V by the same symbol. 
LEMMA (5.1). (i) A subspace W of V which contains a vector D such 
that (D . D) > 0 is nondegenerate with respect o the form. In other words, the 
form is negative semidefinite on every degenerate subspace. 
(ii) Let A, p be eigenvalues of P. Then VA I V, unless I,u = 1. 
(iii) If A is an eigenvalue of P, so is A-‘, and the subspace WA := 
VA + VA-k is nondegenerate. 
ProoJ (i) Let Y be any nonzero vector in W. If (D D) >O and 
(D . Y) = 0, the signature of the form shows that (Y. Y) < 0. So either 
(D.Y)#O or (Y.Y)#O. Thus Yis not in WI. 
(ii) Assume that 2~ # 1. We use induction on the order of nilpotence 
TWISTED HOMOGENEOUS CQO~~~~AT~ 265 
of P-1 on YEV, and P-p on ZEP’,, writing P=A+(P-i)= 
1-k (P - ,u). Since P is orthogonal, 
All terms on the right side except for ,$A( Y. Z) vanish by inductio 
are left with ( Y ‘2) = @( Y . Z). Hence ( Y. Z) = 0. 
(iii) Let YE VA. Then by (ii), Y 1 VP for all ,u 
a nd vector, V,-I # 0. So R - ’ is an eige~va~~c~ an ere is a vector 
ZE V;. -1 such that (Y. Z) # 0. It follows that I is ~Q~degene~ate~ 
LEimfA (5.2). If P has an eigenvaiue 3. of absolute value > 1, then 3, is 
real and dim Vi = 1. Moreover there is at most one such eigenvalue. 
Proc$ Suppose that /AI > 1. Let X be the c lex conjugate of iiS and 
let U, denote the real vector space (VA + V;) r? his space is isotropic by 
(Tlii). The form is nondegenerate on T= pi, + ti,-l, because T, is the 
orthogonal sum W,. + Wi if A# 2, or is Wi if 2 T is a sum of the 
isotropic subspaces U, and U?.-L. This implies t ensions of these 
aces are equal, say to d, and that the signature the form on T is 
(Q L!). Thus d = 1 and 2 = 2. Since the form is negative definite on T’, there 
is rm eigenvalue of absolute value > 1 other than 2. 
LEMMA (5.3). If all eigenvalues cf a linear operaror P have absolute 
value 1, and f$ P fixes a Z-lattice in V, then is ~~as~“~~i~ote~t. 
ProojT In this case the eigenvalues are algebraic integers all of w 
complex conjugates have absolute value 1. This implies that they are roots 
of unity. 
LEMMA (5.4). Suppose that P is unipotent and that z r. Let DE v be 
a vector with (0 . D) > 0, and let W be the subspace span 
dim W= 3, is a .nondegenerate subspace, and the restr 
is the identity. Thus the Jordan form of B is 
P 
I 1 
A 
1 1 
1 
(5.5) 
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Proof. The subspace W is obviously P-invariant, and it is non- 
degenerate by Lemma (5li). Since W contains D and (D . D) > 0, the form 
is negative definite on WI. So since P is unipotent, its restriction to WL 
is the identity. 
We write P = 1+ N. Expansion of the equation (Y. 2) = (PY. PZ) 
shows that 
(Y.NZ)= -(NY.PZ). (5.6) 
The proper invariant subspaces of W are Wi = N’W, i = 1, . . . . k - 1, where 
dim W = k and dim Wi = k - i. It follows from (5.6) that W1 is orthogonal 
to W,- 1 = ker N. Since the dimensions are correct, W,_ 1 = Wf , so the 
form induces a nondegenerate form on @’ := W, / W, ~ 1. Since the form is 
degenerate on W1, it is negative semidefinite on this subspace (5.li). So the 
induced form on I? is negative definite. Since the operator p induced by P 
on m is orthogonal and unipotent, p = I and fi= 0. On the other hand, 
mm= t?/,, and hence @12 = 0. This implies that k = dim W < 3. 
It remains to eliminate the possibility that dim W < 3, and we know that 
dim W > 1 because P # I. Suppose that dim W = 2, and let Z = ND. Then 
Zf 0, but NZ = 0. By (5.6), (Z. Z) = 0. Applying (5.6) once more shows 
that (D . Z) = 0, which contradicts the Hodge index theorem. Thus 
dim W= 3, as required. 
Proof of Theorem (1.7i). For the rest of the section, P will denote the 
operator on V= NS@ [w induced by an automorphism g of the smooth 
projective surface X. 
Assume that P has an eigenvalue I which is not a root of unity. We must 
show that no divisor D is a-ample. By Lemma (4.1) and Proposi- 
tion (3.2iii), we may assume that D is ample, and we do so. According to 
Lemma (5.3), there is an eigenvalue 3, with [A[ # 1, hence (5.2) a unique 
one with 111 = r > 1, and this eigenvalue is real, so /z = fr. Applying 
Lemma (4.1), we may replace 0 by g2, and I by A2. Hence we may assume 
that 3L=r> 1. 
LEMMA (5.7). Let C be an eigenvector with eigenvalue A. Then 
(D.C)#O. 
Proof. Since 1 is real and dim VA = 1, we may assume that C is a real 
vector. Also, we have (C . C) = 0, by (5.lii). Since D is ample, (D . D) > 0. 
The Hodge Index Theorem asserts that the orthogonal space to D is 
negative definite. Thus C is not orthogonal to D. 
LEMMA (5.8). (i) For any divisor Y, there is a constant cl such that 
(D.P”Y)<c,r”for all nB0. 
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(ii) If Y is a positive divisor and if the p~#ject~o~ Yj~ of Y to the 
eigenspace VT, is not zero, then there is a constant c2 > 0 such that ,for 
~~~~c~e?~t~y large n, c2 r” < (D . P” Y). 
Proof of (ii). Since 1, = Y is the eigenvalue of I 
Yl. = lim, j J3 r -“PRY; hence (D . Y,) = lim,> _ ~ P Pn 
positive and D is ample, (D . PRY) > 0 foor ai1 n, an 
(D . Y,.) > 0. The assertion follows. 
LEMMA (5.9). Let D be an ample irredzdcible effective divisor on X, and 
o + . . . + D,. For any divisor Y3 2(o(A, - Y)) = 0 g- n is 
ality, it suffices to show that 
s ample, some multiple rD is e 
that for large n, r(X+ Y- 
effective ither, which shows 
if n is large enough. 
h34MA (5.10). With the notation of the previous !en~rna~ there iLy a 
divisor Y such that N’(&&d,, - Y)) # 0 fop. ~~~~~c~e~t~y large n. 
Pl-QO$ e have (D, . Z) = (D . P-“Z), so 
(D,, A,) = (D, D,) + (D, . D, .~ 1) i . + (0, . Do) 
=(D.(l+P-‘+ ‘.‘+P-“) 
Since P has an eigenvalue > 1, P-’ does too. laceabya-‘and91 
by F’ in Lemma (5.8). The lemma tells us that for a suitable divisor Y> 
for suitable constants k, c: c’, c” and for n 9 0, the inequalities 
ho1 eplacing Y by a multiple, we may assume that c2 > c. Then 
(D,.Y-d,,)+co as n-+x, and so for large n, (D,.(Y-A,,))>&-2, 
where g is the arithmetic genus of D. Tkis ~~e~~a~ity implies that 
H”(O&(A,, - Y)) # 0. 
It follows from Lemmas (5.9) and (5.10) that X contains no a-ample 
divisor D. For, by Lemma (4.1), we may assume that D is very a 
at it is an irreducible curve. Choose Y as in Lemma (5.10) 
exact sequence 
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together -with Lemma (5.9), shows that H’(Co(d, - Y)) #O for large n, as 
required. 
ProOf of Theorem (1.7ii). We suppose that P is quasi-unipotent, and we 
let D be a divisor such that A, is ample for some m. To show that D is 
o-ample, we may apply Lemma (4.1) to reduce to the case that D is ample 
and that P is unipotent, which we assume from now on. We may also 
assume that P is not the identity. 
The Jordan ,form of P is determined by Proposition (5.4). We write 
P = 1+ N, where N* # 0 but N3 = 0. Then for any divisors Y, 2, 
(Z.P”Y)=(Z.Y)+n(Z.NY)+$n(n-1)(Z.N2Y). (5.11) 
Also, it follows from (5.4) that N2D # 0. 
LEMMA (5.12). Assume that N2Y # 0. Then (D . N2Y) # 0. Zf in addition 
Y>O, then (D.N2Y)>0. 
ProoJ: Formula (5.6) shows that (N* Y. N* Y) = 0, hence by the Hodge 
Index Theorem that (D . N2Y) # 0. Suppose that Y > 0. Then P”Y > 0 too ; 
hence (D . P” Y) > 0. But the dominant term of (5.11), with Z = D, is 
i n(n - l)(D . N2Y). Hence (D . N2Y) > 0. 
LEMMA (5.13). (i) (D . P”D) = en2 + O(n), (D . A,) = c’n3 + O(n*), and 
(A, A,) = c”n4 + O(n’), with c, c’, c” > 0. 
(ii) For any Y, (D.P”Y)dc(Y)n2. 
This lemma follows from (5.11) and (5.12). 
LEMMA (5.14). For any divisor Y, H’(O(A, - Y)) #O ifn is sufficiently 
large. 
ProoJ: The Riemann-Roth formula is 
x(Q(An- Y)) = x(Q) + ;((A, - Y)‘- ((An - Y) .K))> 
and Lemma (5.13) shows that x(O(A,- Y))>O for large n. Also, 
H2(0(A, - Y)) = 0 for large n, by Lemma (5.9). It follows that 
H’(O(A, - Y)) > 0. 
Combined with Lemma (4.1), this lemma allows us to assume that 
D > 0, which we do from now on. 
LEMMA (5.15). Let Z be a proper one-dimensional scheme which is iso- 
morphic to a divisor on a smooth algebraic surface, and let 2 be an invertible 
sheaf on Z. There is an integer no with this property: For every embedding 
of Z as a divisor into a smooth surface X, and for every set D,, . . . . D, of 
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ample divisors on X with n > n,, the sheaf 9 = G( ,-t- ... +l3,p@c5? ‘S 
generated by its sections, and Hq(9) = 0 zy q > 0. 
Prooj Choose a reduced irreducible curve C which is a corn~~~e~~ of 
-T d let Z’ be the divisor Z- C. t 3 be the ideal sheaf of z’ in Z, 
wh is an invertible sheaf on C, so at the sequence 
04,~e-,z4tlz,.40 
is exact. Since D, is ample, (Di. C) > 1 for each i. Hence 3 @ 8 has degree 
at least n. If n is sufficiently large, then 3~9 is generate 
and IP(./P 0 9) = 0. The lemma fooIlows by induction, by tensoring the 
above exact sequence with F. 
The following lemma, combined with Proposition (X4), completes he 
proof of Theorem (1.7ii). 
Lmrwa (5.16). Let C be any divisor on X. Then “(G(An - C)) = 0 ,fbr 
q > 0 and for sufficiently large n. 
rooj We first treat the case that C = 0. 
the sum of sufficiently many ample divisors 
plies, with Z = D and 9 = Q. We may als 
e apply the lemma to the right-har,d terms of the exact 
sequences 
concluding by induction that Hq(O(d, + Y)) = 0 for 4 > 0 and for ali n > 0. 
The same is true when Y is replaced by o”Y, for any s E Z. 
Let z stand for linear equivalence. Applying Lemma (5.141, we may 
choose an integer k so that d, z Y + 2, with Z > 0. Then 
A,,=akA,_,+A,~:akA,_~,+Y+Z. 
So there is an exact sequence 
0 -+ O(ok A,-, + Y) -+ &(A,) 4 &z(A,,) 4 0. 
The first term is ak(O(A,_k+~-kY)). ‘(fl(okd, -k + Y)) = 0 fob 
for all H 2 0. Also, Wq(&-(An)) = 0 for q > 0 an 
Lemma (5.15). Hence W’(O(A,))=O for q>O and for large n. 
Now let C be arbitrary. By Lemma (5.14), there i 
A ,xC+%, with Z>O. Then AH-CzdAn_k+Z, and the exact 
sequence 
O”O(gkAn--k)-,~(~kA,l_k+Zj~~~(gkAn--k$.2)30, 
Lemma (5.15), completes t
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Part (iii) of Theorem (1.7) is essentially proved. The case Pk = I is 
included in Proposition (1.5). If Pk # 1, we note that the dominant term in 
the Riemann-Roth formula for x(6(4,)) is 4 (d, . d,). According to 
Lemma (5.13) this term has the order of n4. Hence dim B, = O(n4), which 
means that the gk-dimension of B is 5. 
COROLLARY (5.17). Let CT be an automorphism of a surface X and let D 
be an ample divisor on X. The ring B is noetherian if it has polynomial 
growth. 
Proof If P is quasi-unipotent, then B has polynomia1 growth and is 
noetherian, by Theorems (1.7) and (1.4). If P is not quasi-unipotent, then 
P has an eigenvalue of absolute value > 1. In this case Riemann-Roth on 
X, together with Lemmas (5.8) and (5.9) shows that B has exponential 
growth. 
EXAMPLE (5.18). Translation along a pencil of elliptic curves: Let 
7~ S -+ Z be a libration of a smooth surface by a pencil of elliptic curves 
with two sections Z0 # Z, such that Z1 - Z, # 0 in NS@ Q. Then taking 
2, as zero section, we can consider the automorphism (T which represents 
translation along the libres by Zi. Assume for simplicity that Z1 passes 
through the connected component of each libre F. We choose the Q-basis 
for NS 
F; ZO; Y= Z, -Z,; Z2, . . . . Z,; 8,, . . . . 8,, 
where Z,, . . . . Z, is a Q-basis for the group of sections, and where 8, are the 
components of the reducible libres, with the connected components 
omitted. We may assume that the sections Zi pass through the connected 
components of each Iibre. Then P acts as 
PF=F; PY= Y+nF, PZ,,=ZO+ Y; 
PZi=Zj+ Y+niF(i> 1); Pf?,=e,, 
for suitable n, ni. Thus P is unipotent. 
The coefficients m, ni can be computed using the relations 
(PZ, . PZ,) = (Zj. ZJ = (Z, . Z,). 
For instance, PZ, = 22, - Z0 + nF. To determine the coefficient n, we 
compute 
(ZO~ZO)=(PZI~PZ1)=5(ZO~ZO)-4(Z,.Z,)+2n. 
Hence n = 2( (Z, . Z,) - (Z, . Z,)) = -(Z, - Z,)2 is the canonical height of 
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section Z,. Since Zi is not of finite or 
by Theorem (1.7 )? the associated ring 
ueskms (5.19). (i) What is the extension of Theorem (1.7) to higher 
oes the existence of a a-ample divisor im has pslyns- 
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